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Abstract 



We study quantum corrections to an extra dimensional Yukawa theory where a 
single flat extra spatial dimension is compactified on an interval. At a UV scale 
this theory can be made equivalent to a 5D theory with a bulk four-fermion 
operator by choosing appropriate boundary conditions for the running of the 
low-energy theory. Using the fermion bubble approximation we find vacuum 
solutions which break the chiral symmetries that arise from compactification. 
Of particular interest are the form of brane localized terms which arise from 
fermion loops. For example, quadratically divergent contributions to the scalar 
mass are absent at one loop due to a remnant of 5D Lorentz invariance that 
is only lost after introducing fermion bulk masses. The model is interpreted as 
an implementation of top condensation in extra dimensions with an automatic 
seesaw mechanism. 
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1 Introduction 

Models of top-quark condensation [TJ [2] are particularly appealing models of electroweak 
symmetry breaking. These theories are relatively compact and have the feature of auto- 
matically generating a large top Yukawa interaction with a composite Higgs field that is 
a bound state of a top-anti-top pair. While the simplest model is plagued by naturalness 
issues, subsequent embeddings of top condensation in supersymmetric [3] and strongly cou- 
pled models of electroweak symmetry breaking (EWSB) [H G2 [6] can reproduce the weak 
scale without excessive fine tuning. However, a combination of flavor [7] and electroweak 
precision constraints [S] have consistently put tension on implementations of top conden- 
sation within strongly coupled scenarios. For a review with extensive discussion of these 
issues and a complete citation list, see [8]. 

Recent focus on extra dimensional models of EWSB, particularly those constructed 
on geometrically warped backgrounds pU] has shed new light on naturalness issues of 
the electroweak sector, and how precision tests might be addressed in a weakly coupled 
framework. In this paper, we explore the possibility of embedding top condensation within 
an extra dimensional setup. Such models with warped geometry are expected to generate 
natural hierarchies of scales. In this paper, we explore the 5D Nambu-Jona-Lasinio (NJL) 
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mechanism [IT] in a flat space toy model, with the idea that many of the results will carry 
over to more realistic extra dimensional scenarios utilizing a warped compactification. 

In calculating the 5D effective action for fermion-antifermion bound states, we renor- 
malize a 5D Yukawa theory compactified on an interval. The running is supplemented by 
an ultraviolet (UV) "composite" boundary condition at a scale A . At the UV boundary, 
which we take to be at an energy greater than the compactification scale 1/L, the theory 
describes 5D fermions that interact via a four-fermion interaction which arises from unspec- 
ified UV dynamics, perhaps from physics above the cutoff due to the strong coupling limit 
of the extra dimensional model. In deconstruction models [12] . where the extra dimension 
resolves into a product gauge structure at high energies, the four-fermion operator could 
arise as a result of the (unspecified) dynamics which breaks the product group structure 
down to the Standard Model (SM) at low energies. The four-fermion operator could also 
arise due to intrinsically 5D dynamics such as a spontaneously broken 5D gauge theory. 

Top condensation has been studied in extra dimensional contexts previously |13| . al- 
though focus has typically been on the low-energy theory below the scale of compactifica- 
tion. Our analysis includes the effect of 5D running up to the scale associated with the 
four-fermion interaction, and gives predictions for a Kaluza-Klein (KK) tower of scalar 
bound states corresponding to a 5D composite field. Of particular interest are the form of 
and role played by brane localized terms generated by fermion loops. Other top conden- 
sation models that simultaneously generate the correct top and H^-boson masses generally 
supplement top condensation with a seesaw mechanism [TJ]. Features of our 5D construc- 
tion are similar to those found in extra dimensional top see-saw models [15], in which the 
lightest KK excitations of the fermions play a key role in the formation of the condensate. 

We begin with a review of the 4D NJL model, which we then extend to a 5D setup 
compactified on an interval, or equivalently, an S1/I12 orbifold. Extension of these methods 
to a compactified model is relatively straightforward, although there are some complications 
associated with performing quantum corrections in an extra dimensional model, which we 
discuss. We work in the fermion bubble approximation, valid as long as the scale associated 
with the four-fermion operator is below the scale at which any additional 5D interactions 
(i.e. gauge interactions of the SM) become strongly coupled. Section [3] contains a study 
of the relevant fermion loop graphs in 5D flat space. We then calculate the 5D quantum 
effective action valid at low scales. Solving the scalar equations of motion in this effective 
theory determines whether or not a chiral symmetry breaking condensate is formed. 

We calculate the resulting light fermion and scalar spectrum, requiring a weakly gauged 
SU(2)lX U(1)y version of the model to reproduce the observed M^-boson mass. We find that 
the top quark mass and W mass constraints can be simultaneously satisfied by making an 
appropriate choice of the fermion bulk mass parameters. The lowest lying scalar fluctuation 
is found to be generically heavy, due primarily to a large effective quartic coupling generated 
in the model. Lighter values can be generated by going to larger N c or creating a larger 
hierarchy between the four-fermion scale and the compactification scale A L ^> 1. The 
second of these choices is made at the expense of increased fine-tuning of the interaction 
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strength associated with the four-fermion operator and reducing the validity of the fermion 
bubble approximation. 

2 Extending the NJL Model to 5D 

A toy model for spontaneous breaking of chiral symmetry in four dimensions can be con- 
structed with a low-energy effective theory of massless fermions supplemented with a single 
chirally symmetric four-fermion contact operator [11] . The Lagrangian for this model, valid 
at the scale A is 

c = frw + [(^) 2 - OhW] (i) 

where ip is a 4-component massless Dirac fermion. The Lagrangian is invariant under 
independent chiral rotations of the left- and right-handed components of i/j. 

In two component notation, utilizing a complex auxiliary scalar field 0, we can re-write 
this Lagrangian as 

C = i> L %W>L + i>Ri$i> R + gWnrtu + h.c. - A 2 |0| 2 . (2) 

The field carries chiral charge such that this Lagrangian has the same symmetry as 
Eq. ([I]). Running down this theory from the scale A to a low scale /i, taking into account only 
fermion loops, one finds that the scalar field <fi develops dynamics and a quartic interaction. 
The fermion loop contribution to the scalar mass 2 is negative, and for sufficiently strong 
coupling, g, the quantum corrections overcome the positive A 2 |0| 2 term. In this case, the 
scalar field then picks a vacuum expectation value (vev), and breaks the chiral symmetry 
of the theory. 

This mechanism was posited as a method to spontaneously break the electro-weak 
gauge interactions, where the fermion bound state consisted of top/anti-top pairs [2J. A 
particularly appealing feature of this construction is the presence of a quasi-infrared fixed 
point in the top Yukawa coupling which renders the top Yukawa relatively insensitive to 
the compositeness scale [16]. Above this fixed point, the top Yukawa blows up in the UV, 
and the coupling is in the domain of attraction for this fixed point which resides at a value 
of A f ~ 1. 

We consider a 5D version of the above model, in which there is a four-fermion operator 
that leads to a composite five dimensional scalar field. This operator must arise from some 
UV dynamics, as in the case of 4D top condensation models [5]. In this work, we do not 
specify this dynamics and focus on the mechanics of the renormalization of this theory. A 
model with better UV behavior is currently under investigation. 

The theory at a high scale A consists of two 5D Dirac fermions, which contains a 
left-handed zero mode in the spectrum, and which contains a right handed one. Other 
assignments are possible, and will have different IR structure, however this theory is the 
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one that most easily generalizes to a standard model-like low-energy spectrum. In addition, 
the chiral symmetries of this model are identical to those in Eq. ([2]). We write the action 
for the theory at the scale A > 1/L as defined on a circle with perimeter 2L: 

5 5 dnjl = J d 4 x J ^dzy L {i$-M L {z))y L + ^ R (i$-M R {z))y R + ^ L y R y R y L . (3) 

where ql = + irfd z and all fields are assigned periodic boundary conditions. The 
spectrum of the theory is then reduced by performing the identification z <H- — z which 
restricts the physical region of the space to the interval z G [0, L]. The field solutions that 
remain can be either odd or even under this identification, although all operators in the 
Lagrangian must be even. The orbifold assignments that produce the spectrum described 
above are: 

^ L (z) = -7 5 ^ L (-2;), and V R (z) = ^ R {-z). (4) 

In order for the action to be invariant, the fermion mass terms must be odd under the 
orbifold assignment: M L>R (z) = —M LtR (—z). 

While this procedure is equivalent to beginning with an interval and assigning bound- 
ary conditions [17J, we show in Appendix [B] that the orbifold language allows a simple, 
intuitive explanation for the presence or lack of certain brane localized terms that are 
induced by quantum corrections. 

We assume mass profiles which are constant in the physical region, discontinuously 
jumping at the orbifold boundaries to satisfy the boundary condition above: 

a# f \ / + m L,R z>0 

M LjR {z) = < ' (5) 
' [ —m LjR z < 0. 

The zero modes are then exponentially localized, with profiles given by: 



*Ii^) = >/d^^" |!| 



In the 4D low-energy effective theory and ignoring quantum effects, the zero modes couple 
via a four-fermion operator that has a form identical to that of Eq. (|2]), with effective 
four-fermion coupling given by an overlap of the zero mode wave functions: 

tit" = TT ~ — ~ (coth m L L — coth m R L) , (7) 

A^ ff Ag m L - m R 

which is exponentially suppressed in the case that both and m R are the same sign, and 
the LH and RH zero modes are localized on opposite boundaries of the physical region. We 
will show that scalar bound states and chiral symmetry breaking with scales well below the 
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scale 1/L can still be obtained, regardless of this suppression. In the KK mode interpreta- 
tion, these scalars are presumably relativistic deeply bound states of a combination of KK 
modes. This strongly suggests that a full 5D calculation including all KK modes below the 
cutoff Ao should be performed in order to properly formulate the low-energy theory. 

To analyze the IR behavior of this theory, we write the 5D four-fermion interaction in 
terms of a complex auxiliary field (p. At the scale Ao, the theory is then a model of Yukawa 
interactions in which the scalar field has no dynamics: 



J4 



Ssd njl = d A x dz^ L {iql-M L {z)) ^ L + V R M R (z)) * R 



L 



- Al\<P\* + -^0 L y R + h.c. (8) 



/A 



o 



Integrating out the field <fi reduces Eq. (|8p to Eq. (|3]). The main calculation of this paper 
will be on running this effective Lagrangian down to a low scale fi < and solving 
the low-energy equations of motion for the scalar field. We calculate the running in the 
"fermion bubble" approximation, integrating out only the fermionic contribution to the 
scalar effective action. This approximation is the analog of re-summing the fermion ladder 
diagrams in the theory written down in Eq. |3j 



3 Quantum Corrections in 5D 

In models with compactified extra dimensions, quantum corrections are complicated by the 
fact that momenta along the compactified directions are discrete while the 4D momenta 
span a continuum. In our model, momenta along the compactified coordinate are quantized 
in units of nir/L, where L is the size of the physical region. In this section, we compute 
these quantum corrections for the Yukawa theory in Eq. ([8]). 

Quantum effects in extra dimensional models have been studied in some contexts, 
particularly for the running of gauge couplings [18]. Such calculations are often made 
simpler due to gauge invariance, which ensures that calculating the running of the coupling 
of the zero mode gauge field, which has a constant extra dimensional profile, is sufficient to 
describe all running effects in 5D. Our analysis of a 5D Yukawa theory must be intrinsically 
five dimensional, taking into account all possible external scalar states, since there is no 
such underlying symmetry which keeps the lowest lying mode flat. 

In determining the quantum effects of the 5D theory, there is the approach of deter- 
mining the KK spectrum, integrating out the extra dimension, and then truncating the 
effects of the tower at the desired level of accuracy. It is then a matter of computing usual 
4D Feynman diagrams using these few KK modes. This approach, however, obscures 5D 
translation invariance, and is in fact quite complicated if more than a couple KK modes 
are included. This is especially the case in this construction, since there are a large number 
of possible scalar bound states. When the equation of motion is applied on the scalar field 
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4> at the scale A , and the fermions are expanded in terms of their KK towers, we find: 

A A m,n 

Quantum effects below the scale A mix these fermion bi-linears with each other, and 
the effective action must then be re-diagonalized. It is much simpler and perhaps more 
illuminating to instead compute all quantum effects from the 5D viewpoint, and then solve 
the resulting 5D scalar equation of motion. 

The most straightforward method is to compute all quantum corrections in momentum 
space, where the effects of orbifolding are taken into account in the form of the propagators. 
Either a hard momentum cutoff or dimensional regularization may then be used to study 
the divergence structure of the theory. The first of these is most suited to the 5D NJL 
model, since it explicitly contains information about power law divergences. Dimensional 
regularization, on the other hand, automatically subtracts these, leaving only poles cor- 
responding to logarithmic divergences. We study both regulators, the former because it 
applies well to models with an explicit cutoff, and the latter since it is a point of interest to 
see how the 5D divergence structure, which contains no bulk log divergences, is obtained 
from the 4D KK tower which contains an infinite number of them. 

It is, in principle, possible to use a mixed position-momentum space basis, where the 
propagators depend on the position in the extra dimensional coordinate, however in this 
case it is unclear how one would implement a regularization procedure which respects local 
5D Lorentz invariance. 



3.1 Quantum corrections with vanishing fermion bulk masses 

In the case that the bulk fermion masses vanish, the fermion propagators are not difficult 
to compute. The Yukawa theory under consideration is then similar to the one examined 
in [15] . but with slightly different orbifold assignments and field content. In this section we 
utilize the notation of these authors. In particular, a derivation of the fermion propagators 
can be found in Section 2 of that publication. 

In 5D momentum space, the fermion propagators are given by: 

S^ R \p; P5 ,p' 5 ) = (2L)I {-^4- ± (10) 

2 I V + % 1 P5 P + ll P5 J 

where the + is for a 5D fermion in which a left-handed zero mode survives the orbifold 
projection, and the — is for a 5D fermion which contains a right-handed zero mode in the 
spectrurrj^J The 5D momentum is given by p$ = where n ranges over all integers. The 
fermion propagators conserve the magnitude of the 5D momentum, but only up to a sign. 

1 We have chosen a convention in which the period of the Fourier series appears in the Kronecker-<5s of 
momentum (2L 8p s ,k 5 ), and in sums over unconstrained 5D momenta (jj- J^fe )■ This makes it simpler to 
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The breaking of 5D translation invariance is a manifestation of the reflection conditions 
at the orbifold fixed points. The remaining conservation of KK number is a tree level 
symmetry of the theory that is present in the limit of vanishing bulk mass. 

We are interested in computing the scalar two- and four-point functions. Since in- 
teraction terms in extra dimensional theories are non-renormalizable, higher dimensional 
operators will be generated as well. For the purposes of illustration in this toy model, we 
ignore these contributions. One could, in principle, arrange for these terms to be removed 
via fine tuning of the coefficients of such operators against the quantum corrections to 
them. This tuning should then presumably be derived as a natural consequence of some 
UV complete model. 

The scalar two-point function 

In the massless fermion bubble approximation, the scalar two-point function at one 
loop consists of the diagram shown in Figure [TJ In the compactified 5D theory, this single 
diagram encapsulates the quantum corrections to the bulk kinetic and mass terms. In 
addition, it also contains information about brane localized terms which are quadratic in 
the scalar field. This diagram gives information about how to run the scalar sector of the 
Yukawa theory from the high scale A down to low energies. The value for the diagram is 




Figure 1: The 5D scalar two point function, where the scalar couples to two flavors of 5D 
Dirac fields, each of which contains either LH and RH zero mode in the KK mode spectrum. 
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d d k 
W) 



-Ti 



k 2 



+ f + + p / 5 ])(4 5+P5 ,fc^+^ + 7 5 £fc 5 +P5,-A^) 

(k+p) 2 -(k' 5 +p' 5 ) 2 



compare with the (mostly) standard treatment in non-compact dimensions where the transformation to 
momentum space comes with a ^- normalization. The dictionary between the compact and non-compact 
5D theory consists of replacing sums with integrals, Kronecker-& with (^-functions, and all factors of 2L 
with 2n. 
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Let us first discuss brane localized divergences of the two-point diagram. In extra 
dimensional theories, it is now well known that quantum effects generally violate KK- 
number conservation [T9 | |2( H 121] . The presence of brane localized terms can be identified by 
divergences which do not conserve 5D momenta. Such divergences signal that a counterterm 
is necessary, and that the brane term should be included in the tree level action. Expanding 
the numerator of the diagram and simplifying the Kronecker-^s, there are in principle terms 
proportional to 8 P5jP > 5 , 5_ P5iP £., 6 2 k s ,-p 5 -p' 5 , an d ^2kz,p' 5 -v' s - The first two types of terms conserve 
5D momentum up to a sign and hence correspond to bulk corrections, while the second 
two Fourier transform into 5-functions at the brane positions and so correspond to brane 
localized terms. 

Applying the usual Dirac trace identities, the brane localized terms vanish. This 
is perhaps somewhat surprising at first glance. One might expect that there are brane 
localized quadratic divergences which renormalize the scalar mass independently on the 
branes versus in the bulk. One might also expect the generation of brane localized kinetic 
terms for the scalar field. The reason for the absence of such terms at the one- loop level is 
that 5D translation invariance is not broken severely enough in this process, as explained 
in Appendix [Bj In fact, there are a variety of scenarios in which brane localized terms are 
not generated at the one-loop level. 

Let us now identify the bulk renormalization terms. We expect a cubically divergent 
mass renormalization, and a linear divergence in the 5D kinetic terms. One of the bulk 
renormalization terms is proportional to 8 Ps>p i , the other <5 P5 ,_ P ^ (effectively reflected and 
transmitted waves through the orbifold fixed points). From the trace, these have the 
following momentum structure: 

fc.(fc + p)-fc 5 (fc 5 +p / 5 ) 
(A*-*i)((*+P) a -(*6+P&) a ) 1 1 

The k 5 are quantized on fc 5 = nn/L, with n any integer. This means that the 5D sum 
cannot be shifted, while the 4D momenta can be redefined in the usual way in order to 
make the Wick rotated integrand spherically symmetric in Euclidean momentum. 

The coefficients of the <5 P5 , P ' 5 and <5 P5 ,- P £. terms are identical. After combining denomi- 
nators using Feynman parameters, they are given by: 

^2 r d d k ,1 g _ /2) _ x{1 _ x){p 2 _ + hp5{2x _ 1} 

4A ^i (2nyJ X [(/2_ /5 2 ) + x(1 _ x)(p2 _ p 2 )]2 > I ) 

where l 5 = k 5 + xp$. Unfortunately, one cannot shift the 5D momentum in the sum this 
way since Z5 is not quantized on the same spectrum as k$ and the above expression is only 
a heuristic presentation. 

This lack of shift invariance highlights the fact that a naive hard cutoff for the 4D 
momentum integrals obscures the underlying physics. Such a procedure explicitly violates 
5D Lorentz invariance, and will lead to apparent violation of the spacetime symmetries by 
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short-distance interactions. For example, if one performs the sum over all unconstrained 
five-momenta, one obtains an analytic expression as a function of the 4D loop momentum. 
The remaining integrand can then be performed with a hard cutoff, expanded in small 
external momenta, and then interpreted as a contribution to the effective action. The 
resulting expression contains terms proportional to and p\ with coefficients which differ 
in general. 5D Lorentz invariance can then be restored by fine tuning separate counter 
terms order by order in perturbation theory, but the connection with the original 5D 
theory defined at the physical scale A is then lost. To properly formulate the low energy 
dynamics, one must choose the regulator more carefully. 

We first perform the integration utilizing dimensional regularization. Since there is no 
explicit cutoff scale, there are no subtleties about the regularization procedure respecting 
local 5D Lorentz invariance. Performing the 4D momentum integration first, we have 



a 2 f \dj-i-i (i 

in(p 2 ,p 5 ) = -i^Yl J o dx^^^-AT(l-d/2)+[x(l-x)p 2 + kl + p 5 h]T(2-d/2) 

(14) 



where A is given by: 



-x(i-x)(p 2 -pi) + (k 5 + x P5 y. (15) 



Using zeta-function regularization for the remaining sum over 5D internal loop momentum 
we have 

l n(p\pl) = »n(0)- 8A( ^ )d/2 (1)^ (2C(4 - d) + ( m L)«- 4 ) r(2-d/2) [p 2 + pl (2 - d)} . 

(16) 

We have regulated the contribution of the zero mode with an IR cutoff, /ipR. The two point 
function for vanishing external momentum, iH(0), is given by: 

,:n(0) = ^ilfSF 5 (i)" c(2 - <()r(1 ~ d/2) (17) 

Taking the limit as d — > 4, with eiR = //irL, we have the final result: 



4A(4vr) i 



C / (-2) + log(2vre IR ) (p 2 - 2pf) 



(18) 



Let us point out some aspects of these results: First, all expressions are finite as d — > 4. 
For the field strength term, the pole in the V function is canceled by the sum of the zeta 
function and the contribution of the zero mode. That is, the UV divergences created by 
the zero mode are canceled by the UV divergences of the tower of KK modes. Second, note 
that the coefficient of the p 2 and p\ terms differ in the limit d — > 4. These finite terms 
correspond to non-local contributions to violations of 5D translation invariance from the 
presence of the orbifold fixed points. 
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The finiteness of the result in this regularization scheme is expected. Since all diver- 
gences must be local, the UV structure of the bulk compactified theory should match that 
of the uncompactified model. All divergences in noncompact odd dimensions are power 
laws and are automatically subtracted when using dimensional regularization. So both 
the compact and uncompact models yield finite results for the two-point function in this 
regularization scheme. 

It is possible to utilize a hard cutoff regularization scheme which respects the local 
spacetime symmetries. This is beneficial, since such a scheme has a better physical in- 
terpretation in terms of our physical cutoff, A . The procedure is described in detail in 
Appendix [AJ but in many cases it consists simply of approximating the sum over momenta 
by an integral, at which point the integrand is manifestly 5D Lorentz invariant, and inte- 
gration over the interior of a four-sphere in the loop momentum can be performed in the 
standard way. The substitution required is ^ J2k 5 ~ * I ■ The two-point function in this 
regularization scheme is then 

rTT /2 > \ — fx ,* \9 2 L f d 5 k f 1 (P - I?) - X (l - X )( p i - p p + kp5 (2x - 1) 

lU{p , P5 , P5 ) - {d pS;P > 5 +d pB> ^ 5 ) ^ dX [{ p _ ^ + x{1 _ x){p 2 _ p 2 )]2 

(19) 

and we can now shift the full 5D loop momentum in the usual way, and use a 5D hard 
cutoff A. The result, as an expansion in P 2 = p 2 — pf, is given by 



iU(p 2 ;p 5 ,p' 5 ) = iL (<5 P5 y 5 + 6 P5 _ p > 5 ) 



9 2 A 3 , 4 2 A p2 



(20) 

We have kept Ao separate from the regulator cutoff in this expression to highlight the sen- 
sitivity to an arbitrary UV scale, although we take them to be equal in our final expression 



for the effective action. Implicit in Eq. (20) is an IR scale, /j<A, which can be put into 



the effective action with the replacements A™ — > Aq — jj n . 

The scalar four-point function 

The quartic coupling also renormalizes, although we again find that all divergences are 
confined to the bulk. The relevant Feynman diagrams are shown in Figure |2j and evaluate 
to 

g 4 ^-^ f d 4 k 

iVi(0; p 5 , p' 5 , Ps, Ps") = -T2 z2 / ?2^)4 Tr [ S p( k > k ^ k ™ + Pfe") 5 ^*; K\ K + Ps) 



&5 ^5 1 
k" V" 



x Sp(k; k 5 ,k 5 + p 5 )Sp(k; k 5 ,k 5 + p 5 )l . 



(21) 

Terms which contribute to bulk running of the quartic arise from an even number of inser- 
tions of the 5D momentum conserving Kronecker-5s while terms which contribute to brane 
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k 




Figure 2: The 5D scalar four point function. 



running of the quartic involve an odd number of these. The potential brane terms each 
involve (at leading order in loop momenta) the trace of four identical Dirac matrices, ft, 
with a 7 5 , and therefore vanish. 

Performing the calculation using dimensional regularization again produces a finite 
result, with KK modes canceling against the contribution of the zero modes. We only 
present the result utilizing a 5D Lorentz invariant hard cutoff. We find 



Where the sum is over all 8 permutations of signs in the Kronecker-5. 

To summarize the results of this section, we find that the bulk UV structure of the 
theory is as expected, where the running is purely power law. We have explicitly shown the 
cancellation of log divergences in the dimensional regularization scheme for the two-point 
function. 

The one-loop brane localized divergence structure is different from naive expectations. 
Despite the intuition that brane localized terms should be forced by breaking translation 
invariance via the orbifold identification, they are not generated at one loop. As we discuss 
in Appendix [Bj this is due to the interplay of the left- and right-handed components of 5D 



3.2 Quantum corrections with fermion bulk masses 

The arguments that protect against brane localized terms fail when fermion mass terms are 
added into the theory. Under the orbifolding procedure, such masses must be odd under 
the projection since the fermion bilinears ^>^> are odd. These masses could arise from a 




(22) 



fermions. 



11 



scalar domain wall to which the fermions are coupled via a Yukawa interaction. These 
domain walls are trapped at the orbifold fixed point by the orbifold quantum numbers of 
this scalar field and give rise to fermion localization in the extra dimension [23]. Because 
such fermion masses explicitly break 5D translation invariance at the orbifold fixed points, 
it is expected that they generate brane localized terms. 

In this section, we calculate the quantum corrections in the presence of fermion bulk 
masses. These mass terms do not conserve even the magnitude of the 5D momenta so that 
the explicit form of the propagators in momentum space is rather complicated to compute. 
However, we can accurately capture the divergence structure of the theory by treating the 
5D mass term as a perturbation to the massless scenario. 

We take the fermion masses to have the profiles given in Eq. Q. To obtain the 
Feynman rule in momentum space, we compute the Fourier series of the fermion mass 
terms in the action, and read off the interaction vertex. Since the mass term switches sign 
at the orbifold fixed points, its Fourier series is non-trivial. That is, the mass term acts as 
a source for 5D momentum which can be injected into a given diagram. The Feynman rule 
is: 

L{R) ^ = 4m Mfl) ^odd 



where 



P' 5 -P5 P5 ' P ^ (23) 

£ 0dd f 1 if p 5 + p' 5 is an odd multiple of n/L , . 

P5,p' 5 ~ | q if p 5 +p' 5 is an even multiple of tt/L. 

This is the familiar Fourier transform of the square wave function, with period 2L. 

The corrections to the scalar two-point function arise from two diagrams, one with a 
mass insertion on the fermion with a LH zero mode, the other with an insertion on the one 
with a RH zero mode. 



R L . (25) 

These contributions to the two-point function are linearly divergent: 

g 2 A 

iIl M (0; p 5 ,p 5 ) = ( m L ~ m R ) 5° g J, + finite terms (26) 

Adding a mass insertion diagram to the four-point function only contributes finite 
terms. 
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4 The quantum effective action 



The two- and four-point diagrams we have calculated can now be incorporated into a 
quantum effective action that is valid at a low scale /i. We can express this action as 
follows: 



effective — / d 4 X / dz 



V L (i$-M L (z))V L + * R {iQI-M R {z))* R + -?=H* L * R + h.c. 

V Ao 



L 

+ Z H d M Hd M rf - (Ajj + <5M 2 ) |tf| 2 - A |^| 
- J d 4 x [ml \H(z = 0)| 2 + m 2 L \H(z = L)\ 2 ] . 

(27) 

To map between our correlation functions and the terms in this effective action, we first note 
that each amplitude can be written in terms of projection operators E P5>p i = L (5 P5iP > 5 + 5 P5 _ P > 5 ) 
acting on "sub- amplitudes." The projection operators are the expression for dynamical ex- 
ternal scalar legs when the scalar is even under the orbifolding procedure, H(z) = H(—z). 
The sub-amplitudes represent Feynman rules arising from bulk and brane localized terms 
in the effective 5D action. 

For the bulk contributions to the two-point function, we have 
tTl(p 2 ;p 5 ,p' 5 )=E p5 , p nfl(P 2 ) 

= ^Y. E ^ E k*'MQ 2 )- ( 28 ) 
The contribution arising from the bulk mass insertion diagrams is 

*n M (o ; p 5 y 5 ) = <n„% = ifL M (±) E *«* E *4ffSk- ( 29 ) 

V J qs,q' 5 

We can identify Zh = n'(<5 2 = 0), and 5M 2 = —U(Q 2 = 0). The mass insertion diagrams 
need to be Fourier transformed back into position space. We use the identities 

J2 e ip5Z = L ^2(-l) N 6(z-NL) 

P5 odd N 

e ip5Z = L ^ 5(z — NL) (30) 

P5 even N 

where the sum over N spans all integers. The Fourier transform thus corresponds to op- 
posite sign ^-functions on the two branes, 5°f d q , — > \ [S(z) — S(z — L)]. The brane localized 



13 



mass terms are then = —m 2 L = —11^/2. Finally, the four-point function can be ex- 
pressed as 

iV 4 (0;p 5 ,p' 5 ,p'^p^') = iy ^ 5 o, P5 ± P ' 5 ±p' 5 '±p' 5 " 

= M2l) S E P5,m E P' 5 ,Q' 5 E PU'5 E P5<'^ S 0,q B +q' 5 +q^+^' ■ (31) 

and we make the identification V4 = 

In summary, the effective action can be expressed as a function of the UV parameters 

N c g 2 A 



as in Eq. ( 27 ) with coefficients given by 



5M 2 
A 



IOtt 3 A 
N c g 2 A 3 
18tt 3 A 
N c g A A 
3vr 3 A 



2 2 N c9 2 A 

bix 6 A 

We now associate the regulator cutoff A with the physical scale A . By defining the coupling 
constants such that they are dimensionless, with the physical scale explicitly appearing in 
the interaction terms, the quantum corrections (with the exception of the bulk mass term) 
are all seen to be independent of the scale A . 

It is interesting that the scalar mass 2 receives brane localized contributions of opposite 
sign on either brane. This is a severe violation of KK parity. If this parity were preserved, 
the two brane localized terms are expected to be identical. However, the fermion mass 
terms explicitly violate KK parity. Quantum effects transmit this breaking of KK parity 
to the scalar sector in the form of these linear divergences. 

These opposite sign, one loop, brane localized terms vanish, however, when the fermion 
masses are taken to be identical. In this scenario, for positive bulk masses, the LH zero 
mode is localized on the z = brane, whereas the RH zero mode is localized on the z = L 
brane. If the masses are equal, then the profiles are mirror images of each other, and an 
"accidental" approximate KK parity is introduced. 

We now choose a convenient normalization for the 5D fields. We choose a canonical 
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5D scalar kinetic term, obtained by redefining H — > H/ y/~Z^, 



dz 



9 



^ L (i$-M L (z)) ^ L + m R {iql- M R (z)) t R + -j=Hm L ^ R + h.c. 

yA 



+d M Hd M H^ -m 2 \H\ 2 



A 
4A^ 



I H\ 



J*x[f%\H\*\^ 



+ m\ \H\ 2 



z=l\ ' 

(33) 



The terms in this 5D effective theory are 



g 2 



m 



A 



IOtt 3 
IOtt 3 



N c g 2 9 
lOOvr 3 



A 2 



3N C 



m = —m 



5 



[m R - m L 



(34) 



Above, we have assumed A 3> /x, where A is the scale that our original Lagrangian with 
the four-fermion operator was defined, and /i is the low scale at which we evaluate our 5D 
effective action. 

There are also finite non-local contributions that arise from quantum corrections. We 
have neglected these, as they are typically sub-dominant, and do not have an interpretation 
as terms which are local in the extra dimensional coordinate. 

We note that there are no brane localized quadratic divergences at one loop. Such 
terms might have been expected from considerations of the field content. In the fermion 
bubble approximation, brane localized terms arise only from diagrams with insertions of 
the 5D fermion mass, whose profile explicitly violates translation invariance. 

In the presence of fermion bulk masses, the conditions under which the chiral symmetry 
of the low-energy theory is broken are modified. In the absence of the boundary terms, the 
scalar bound states condense for g 2 > 187r 3 /7V c . However, the brane localized mass terms 
can drive condensation as well. In the next section we explore the conditions for generation 
of a chiral symmetry breaking condensate, and the resulting spectrum of the theory. 



5 Vacuum Solution and Mass Spectrum 

We have now shown that the low-energy effective theory is one with an additional 5D 
composite scalar degree of freedom. The equations of motion and the boundary conditions 
for this scalar field can be derived from the effective action that we have calculated. These 
determine the spectrum of the theory. 
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At the high scale, the 5D scalar Higgs field is equivalent to the fermion bilinear 
H(z,x) = ip l{z , x)ip r(z , x) . With the fermionic orbifold assignments we have made, the 
orbifold parity transformation of the composite field is 

M-*)M-z) = (-M-zh 5 )(-i*M-z)) = M*)Mz) = h(z). (35) 



H(-z) 



The scalar field is thus orbifold even, which means that when deriving the equation of 
motion for H, we cannot require that the variation itself vanish on the branes. Rather, the 
Higgs field is sensitive to the brane localized mass terms. 

In this model, chiral symmetry breaking can occur in one of two ways. First, the 
coupling constant associated with the four-fermion operator may be sufficiently large that 
the bulk mass term is driven negative, destabilizing the origin as a vacuum solution. The 
bulk quartic coupling then sets the value for the scalar vacuum expectation value. 

The other possibility is that the scalar bulk mass 2 remains positive, but a negative 
brane localized mass term pushes the field value away from the origin. In this case, it 
is still the bulk quartic coupling that stabilizes the vacuum field solution away from the 
origin, since we have shown that no brane localized quartic coupling is induced. 

The second solution is more interesting, as it distinguishes the behavior of the compact 
5D model from the non-compact one. Unlike the scalar bulk mass, the brane localized 
terms are sensitive to the values of the fermion bulk mass terms (and thus the relative 
localization of the fermion zero modes). Whether chiral symmetry breaking occurs in the 
extra dimensional model is thus a function of the free parameters of the model. 

We now consider solutions to the composite scalar equations of motion. In the bulk, 
the vacuum equation for (H(z,x)} = v(z) / '(2vZ) is given by: 



v (z 



(z) = m 2 v(z) + 



A 



8A n L 



v\z). 



(36) 



This differential equation can be solved in terms of a Jacobi elliptic function, sc(x\m). The 
expression for the vacuum expecation value (vev) is 



v{z) 



1 8A Lk. 



A 



-sc 




K + J 



(37) 



± 



rrr 



Xm2v o ThP 

4A n L ' ■ Llit; 



where we have introduced the dimensionless quantities k± = m' 
quantities z and Vq are determined by imposing the boundary conditions. In order for the 
low-energy chiral symmetry to be broken, the vacuum energy for the scalar field must be 
minimized at a non-trivial value for vq. 

The only brane localized terms which survive in the large cutoff limit are scalar mass 



terms proportional to the difference in bulk fermion masses. These are shown in Eq. (34). 
These mass terms, and fh\ , set the boundary conditions for the scalar vev equation: 



v\z) 



v(z) 



z=0 



1-2 

2 



v>(z) 



v(z) 



1_ 2 

— m, 
2 1 



(3* 
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We can analytically determine the phase boundary by expanding the solution about 
small Vq. The result is v(z) f=s fosinhQz — Zo\m), and the boundary conditions are then: 



v'{z) 



v(z) 
v'(z) 



v(z) 



2 = 



z=L 



m cothfl^olm) = -(m R — tul) 
6 

5 

: m coth(|L — Zo\m) = -(m R — m^). 



(39) 



These are satisfied for z — > — oo, and for m = \{m R — m L ). We can express this phase 
boundary in terms of the original four- Fermi coupling g, which determines m in the low- 
energy theory. The critical coupling is found to be: 



2 

S'crit 



187T 3 

~n7 



i + 



5 (m R - m L ) 



4 



A 2 



(40) 



We now scan the parameter space of the model. For these purposes, we presume that 
the fermions are the 5D analogs of the LH third generation doublet and the RH top quark. 
In this case, the scalar field then carries the SU(2)l x U(1)y quantum numbers of a SM 
Higgs, and when H obtains a vev, the W and Z bosons become massive. We identify the 
region of parameter space in which we obtain the correct IV-boson and top quark masses. 

The W mass is well approximated by assuming a flat profile for the lightest IV-boson 
mode, and convoluting the flat profile with the vev 2 : 



m 



gl 



w 



(41) 



where gi is the SU(2)l gauge coupling of the SM. The top quark mass is approximated 
from the Yukawa interaction: 



m top 



9 



{N R N L L) 



1 

2L 



dzv(z)e (mR - mL)lzl 



(42) 



where Nr^l) are the normalization factors for the fermion zero mode profiles, ^ ' l{z) — 
N L e~ mL \ z \ and V R (z) = N R e mR W. Note that the W mass depends only the difference 
between the fermion bulk mass terms (through the effective Higgs potential), while the 
top quark mass has a quite different dependence arising from the fermion normalization 
parameters. The W and top quark masses are thus independently adjustable. 

The phase boundary is shown in Figure [3] along with contours of rriw as a function 
of the original four-fermion coupling g and the difference between the fermion bulk mass 
parameters \m R — mi\. We have set the other free parameters to N c = 3, and AqL = 10. 
In Table [TJ values of tul, m R and L which give the correct top and W mass are shown, 
along with the associated value for the Higgs mass. Additionally, we quote the value of 
<7 2 /flcrit — 1) a rough measure of the fine tuning necessary in the four-fermion coupling to 
achieve the correct ly-mass. 
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12.5 13.0 13.5 

9 

Figure 3: The phase boundary of the model is shown, as a function of \rriL — ttir| and the 
four-fermion coupling g. The size of the extra dimension is L = 1 TeV -1 , and N c = 3. 
Thin solid black lines indicate contours (moving outwards) of mw ~ 40, 160, 320 GeV, 
while the thick blue line corresponds to m\y ~ 80 GeV. 

We see that for the choice AqL = 10, N c = 3, the Higgs is very massive. In fact, 
it is above the perturbative unitarity bound. This can be alleviated by increasing A L, 
although the fermion ladder approximation begins to break down as A approaches the 
scale at which the 5D gauge interactions become strong (about AL ~ 30). 

6 Conclusions 

We have considered a compactified 5D version of a Nambu-Jona-Lasinio model. The model 
is studied by computing quantum corrections to a 5D Yukawa theory in which there are 
two species of fermions, each with a fermionic zero mode in the spectrum with opposite 
chiralities. The scalar field is interpreted as a bound state of the two fermion species. The 
classical 4D effective theory at low energies exhibits a chiral symmetry. Supplementation of 
the model by a 5D UV composite boundary condition renders the model equivalent at the 
high scale to one with a 5D bulk four-fermion operator. The quantum corrections to the 
low-energy Yukawa model are equivalent to a re-summation of fermion bubble diagrams in 
the fermion four-point function arising from the four-fermion interaction. 

Both bulk and brane localized divergences are generated, although the brane localized 
divergences are softer than might have been expected. An accidental remnant of 5D transla- 
tion invariance on the parent Si space survives, and protects against one-loop quadratically 
divergent contributions to the scalar mass 2 terms on the branes. In the presence of fermion 
bulk mass terms which explicitly violate translation invariance, linear divergences are gen- 
erated. Under certain conditions, when the four-fermion coupling exceeds a critical value, 
these brane localized terms destabilize the scalar vacuum, and drive spontaneous chiral 
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Table 1: Choices of the fermion bulk mass parameters that reproduce the SM values for 
my/ and m top , and their associated predictions for the Higgs mass. In the third column, 
we give a rough measure of the fine tuning necessary to achieve the weak scale from the 5D 
four-fermion interaction. All dimensionful parameters are given in units of TeV. We have 
set the other free parameters to iV c = 3, AqL = 10. 



m L 


m R 


r —1 

L 1 


iii i 
07£rit - 1 


^■Higgs 


9.1 


18.8 


2 


0.0035 


1.4 


9.2 


17.1 


2 


0.0031 


1.25 


9.45 


15.2 


2 


0.0025 


1.1 


10. 


12.7 


2 


0.0016 


0.85 


4.5 


9.5 


1 


0.014 


1.4 


4.6 


8.7 


1 


0.012 


1.3 


4.7 


7.7 


1 


0.010 


1.1 


5.0 


6.5 


1 


0.006 


0.85 


2.25 


5.0 


0.5 


0.06 


1.4 


2.3 


4.5 


0.5 


0.053 


1.3 


2.25 


5.4 


0.5 


0.045 


1.1 


2.4 


3.4 


0.5 


0.030 


0.9 



symmetry breaking. 

If a portion of the chiral symmetry is weakly gauged, it is expected that this symmetry 
will be spontaneously broken, as in top condensation models. We numerically studied such 
a model, showing that it is possible to realize simultaneously the correct top quark and 
iy-boson masses. This can be seen as an explicit 5D realization of top seesaw models, a 
deconstructed version of which was studied in [15]. The Higgs mass is generically quite 
large in these models due to the large quartic coupling, likely in conflict with perturbative 
unitarity and/or electroweak precision constraints. A more realistic model implemented in 
warped space may alleviate both of these tensions. 
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Appendices 



A 5D Hard Cutoff 



There are many ways in which to implement a hard cutoff in 5D theories, although most 
do not preserve 5D Lorentz invariance. For example, a common procedure is to write 5D 
propagators in mixed position/momentum space, where the propagators are functions of 
4D momenta, and of the extra dimensional coordinate, z. It is not practical however, to 
implement a short distance cutoff in a manner which respects local 5D Lorentz invariance 
since the extra dimension has been singled out. Another common approach is to work in 
a KK-basis, and for each KK mode to integrate over a four-sphere in the 4D momenta. 
However, the region in full 5D momentum space that is integrated/summed over is not 
invariant under the 5D Lorentz group. 

An ideal regularization procedure respects 5D Lorentz invariance in the UV, with sub- 
leading terms generated as finite consequences of non-local finite- volume effects. To obtain 
such a regulator, we recall that the Euler-Maclaurin formula allows one to express a sum 
over integers in terms of an integral and additional corrections: 



E /(*) = / 



dnf(n) + lim 



/(a) + / ( " a) + E (f {2j - 1] ^ - f {2j - 1] (-)) 



Where the B coefficients are Bernoulli numbers. 5D loop integrals thus take the form 



(43) 



-Y. 

2L 

k 5 



I(k,k 5 



d 5 k 



I(k,k 5 



— lim 

2L fcg-Kso 



d A k 



{I(k,h)+I{k,-h))+ 



E 



B- 



■2,1 



d 4 k 



mj (2*0 



(i^\k,k 5 )~i^\k,-k 5 )) 



(44) 



where the derivatives are with respect to the second argument of the integrand. On the 
right hand side, to implement a hard cutoff, we wick rotate and then restrict the momentum 
integration/summation to the interior of a euclidean four-sphere: K 2 = k% + kf + k\ + k\ + 
k\ < A 2 . The final expression for any regulated 5D loop is 



1 A 



2L 



K 2 <A 2 



d 4 k L 

W) 



-I(k E , h 



'K 2 <A 2 



d 5 k L 
W) 



-I(k E ,h)+ 



2L /,, . (2j)\ ok^ ' \.l, y ,\ 



d A k L 

W) 



{I{k E ,h)+I{k E ,-h)) . (45) 



The contribution from the second term in Eq. (44) vanishes, since the region of integration 
in 4-momentum vanishes as k^ — > A. 
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B Brane Localized Terms 



In [21], it was stated that brane localized terms are automatically generated in theories 
with compact extra dimensions. There are, however, many cases in which such terms are 
not generated at the one-loop level. In this appendix, we discuss these, and provide a 
symmetry argument for why such terms are protected. For the purposes of this discussion 
we use the orbifold language, in which the symmetry principle is most clear. The extra 
dimensional space thus begins as a circle, parametrized by angle 9, and is reduced to an 
interval by identifying points 9 <H- —9. 

The reason why most theories generate brane localized kinetic terms is that the orb- 
ifolding procedure explicitly violates 5D translation invariance. In the simplest case, fields 
can be assigned either even or odd parity under the orbifold identification, a manifestation 
of this breaking. Quantum effects will then transmit this breaking to other parts of the 
theory, creating brane localized kinetic terms, mass terms, and interactions. 

To see this in action, consider a 5D scalar field with no 5D mass term. The propagator 
for a scalar which is even or odd under the orbifold assignment is given by [19|: 

i 1 

A(p;p 5 ,Ps) = « -^—3 {<W ± 6 Ps,- P ' 5 } (46) 
z P Pb 

Now let us add gauge interactions and consider the gauge boson two-point function. There 
are two diagrams shown in Figure |4| although one creates a non-transverse structure which 
is completely canceled by a portion of the second. This is a consequence of gauge invariance. 



i 



\ 



\ ✓ 
\ ✓ 



' — — ^ 



Figure 4: Gauge boson two-point diagrams. 



The diagram contains the following numerator structure which arises from the two 
scalar propagators in the loop: 

k 5 ,k' s 1 5 ' 5) 

Yl D{k 5 ,k' 5 ) { 5p5,p ' 5 + 6p5 '~ p ' 5 ± 52fc5 ' P5 - p s ± 6 ^^+p' 5 } ( 47 ) 

The last two terms which do not conserve 5D momentum correspond to brane localized 
terms, and are divergent when the full expression is evaluated. However, note that they 
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come with either positive or negative coefficient depending on whether the scalar has pos- 
itive or negative orbifold parity. This shows that if a theory is constructed which has 
two such scalars, with opposite orbifold parity and equal gauge coupling, that the brane 
localized divergences will cancel. The reason for this is that the enhanced spectrum is 
identical to that of the theory before the orbifolding has taken place, and therefore has all 
the field content of the complete circle before orbifolding. 5D translation invariance on the 
full un-orbifolded circle protects against the generation of brane localized terms. 

Now consider a 5D fermion on the same spacetime. If the bulk mass of the fermion 
vanishes, the fermion propagator (with the Dirac structure made explicit) is given by 

A(wv* v') - - 1 ( 12x2 ' (<W ±( WpJ , ° 2x2 x ^ (481 

A{p,Ps,P 5 ) - 2]/+ll% { 02x2 l2><2 . , : ^ , } ) ■ (48) 

The fermion propagator contains two parts, one of which is orbifold even, and the other 
odd. These correspond to the right- and left-handed components of the 5D Dirac fermion. 
As with the case of two scalar fields, these degrees of freedom act together in diagrams, and 
can potentially conspire to make brane localized terms vanish. The question of whether or 
not brane localized terms are generated thus comes down to the interplay of these two parts 
of the fermion propagator in particular processes. In the two-point function we calculate 
for the Yukawa theory, only bulk renormalization takes place, and no brane terms are 
generated. In contrast, for the case of anomalies, the components of the propagator work 
together such that only brane localized divergences are generated |19j . 
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